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a b s t r a c t
In this paper, we are concerned with the existence andmultiplicity of positive 2pi-periodic
solutions for the following nonlinear third-order problem
u′′′(t)+ αu′′(t)+ βu′(t) = f (t, u(t)).
Here α, β are two positive constants, f (t, u) ∈ C(R × R, R), f (t + 2pi, u) = f (t, u). The
proof relies on a fixed point theorem on cones.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The boundary value problems for third-order differential equations have attracted considerable attention over the last
three decades, and many techniques for such problems have appeared, such as differential inequality [1,2], topological
transversality [3], shooting method [4], lower and upper solutions method [5], comparable analysis with classical
equations [6], the Lyapunov–Schmidt procedure and the continuum theory for O-epi maps [7], maximum principle with
iterative method [8,9].
Recently, the singular nonlinear third-order periodic boundary value problem{
u′′′(t)+ ρ3u(t) = f (t, u(t)), t ∈ [0, 2pi ],
u(i)(0) = u(i)(2pi), i = 0, 1, 2,
has been considered, where ρ ∈ (0, 1√
3
) is a constant, f : (0, 2pi)× (0,+∞) −→ R+. Using priori estimates, perturbation
technique and fixed point theorems [10,11], nonlinear alternative of Leray–Schauder type and Krasnosel’skii’s fixed point
theorem on cones [12], the existence and multiplicity of positive solutions were established.
In this paper, we investigate the existence of positive periodic solutions of the third-order differential equation
u′′′(t)+ αu′′(t)+ βu′(t) = f (t, u(t)), (P)
where α, β are positive constants, f (t, u) ∈ C(R× R, R), f (t + 2pi, u) = f (t, u).
The existence of periodic solutions are of importance in differential equation qualitative analysis. To our knowledge, these
kind of problems have not been studied. Using a fixed point theorem on cones, we establish some existence andmultiplicity
results of positive periodic solutions for problem (P).
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Throughout this paper, we assume that f (t, u) ∈ C(R× R, R), f (t + 2pi, u) = f (t, u) and the constants α, β satisfy:
(A) α > 0, β > 0;
(B) there exists a positive constant γ , α > γ > 0 such that
(i) β + γ 2 > γα;
(ii) α2 + 2γα ≥ 3γ 2 + 4β .
This paper is organized as follows: In Section 2, some notations and preliminaries are introduced. The main result is
given in Section 3. In Section 4, we extend the main theorem to the limit case. An example is presented in the last section
to illustrate the application of our results.
2. Preliminaries
Let X = {u ∈ C(R, R) : u(t + 2pi) = u(t)}, then X is a Banach space endowed with the norm ‖u‖ = max0≤t≤2pi |u(t)|.
Problem (P) is equivalent to the following:
u′′′(t)+ αu′′(t)+ βu′(t)+ γ (β + γ 2 − γα)u(t) = f (t, u(t))+ γ (β + γ 2 − γα)u(t). (P ′ )
Let H(t, u) = f (t, u)+ γ (β + γ 2 − γα)u.
Lemma 2.1. Let h ∈ X, r > 0, then the equation u′(t)+ ru(t) = h(t) has a unique 2pi-periodic solution
u(t) =
∫ t+2pi
t
exp(r(s− t))
exp(2pir)− 1h(s)ds.
When the constants α, β satisfy (A), (B), the equation
λ3 + αλ2 + βλ+ γ (β + γ 2 − γα) = 0
has three negative roots, one is−γ , the others are denoted by−r1,−r2. Let
Gl(t, s) = exp(l(s− t))exp(2pi l)− 1 .
Define the mapping T : X → X as follows:
(Tu)(t) =
∫ t+2pi
t
∫ s+2pi
s
∫ τ+2pi
τ
Gγ (t, s)Gr1(s, τ )Gr2(τ , ν)H(ν, u(ν))dνdτds.
Let
M = exp(2piγ )
exp(2piγ )− 1 , m =
1
exp(2piγ )− 1 ,  =
m
M
, K = {x ∈ X |x(t) ≥  ‖ x ‖}.
For c > 0, letΩ(c) = {u ∈ K |‖ u ‖< c}, ∂Ω(c) = {u ∈ K |‖ u ‖= c}.
The following Lemmas are crucial in our proof.
Lemma 2.2. Assume that conditions (A− B) hold.
(i) If u ∈ K is such that H(t, u(t)) ≥ 0 for t ∈ [0, 2pi ], then Tu ∈ K .
(ii) If u∗ ∈ K is a fixed point of T and u∗ 6= 0, then u∗ is a 2pi-periodic positive solution of Eq. (P).
(iii) For any l1 > l2 > 0, T : Ω(l1) \Ω(l2)→ X is a compact operator.
Proof. (i) If H(t, u(t)) ≥ 0 for t ∈ [0, 2pi ], then
(Tu)(t) =
∫ t+2pi
t
∫ s+2pi
s
∫ τ+2pi
τ
Gγ (t, s)Gr1(s, τ )Gr2(τ , ν)H(ν, u(ν))dνdτds
≥ m
∫ t+2pi
t
∫ s+2pi
s
∫ τ+2pi
τ
Gr1(s, τ )Gr2(τ , ν)H(ν, u(ν))dνdτds
≥ mM−1
∫ t+2pi
t
∫ s+2pi
s
∫ τ+2pi
τ
MGr1(s, τ )Gr2(τ , ν)H(ν, u(ν))dνdτds
≥  max
0≤t≤2pi
∫ t+2pi
t
∫ s+2pi
s
∫ τ+2pi
τ
Gγ (t, s)Gr1(s, τ )Gr2(τ , ν)H(ν, u(ν))dνdτds
= ‖Tu‖.
Hence Tu ∈ K .
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(ii) If u∗ ∈ K is a fixed point of T , then u∗ is a 2pi-periodic solution of the following equation:
u′′′(t)+ αu′′(t)+ βu′(t)+ γ (β + γ 2 − γα)u(t) = f (t, u(t))+ γ (β + γ 2 − γα)u(t), (P ′ )
i.e.
u∗′′′(t)+ αu∗′′(t)+ βu∗′(t) = f (t, u∗(t)).
Furthermore, u∗ ∈ K and u∗ 6= 0 imply u∗(t) ≥ ‖u∗‖ > 0.
(iii) The compactness of T follows a standard argument. We omit it. 
Thewell-known Guo–Krasnosel’skii fixed point theorem is useful to establish existence results for differential equations.
Lemma 2.3. Let X be a Banach space, and let K ⊂ X be a cone. Assume that Ω1,Ω2 are open bounded subsets of X with
0 ∈ Ω1,Ω1 ⊂ Ω2 and let A : K ∩ (Ω2 \Ω1)→ K be a completely continuous operator such that
(i) ‖Au‖ ≤ ‖u‖, u ∈ K ∩ ∂Ω1, and ‖Au‖ ≥ ‖u‖, u ∈ K ∩ ∂Ω2; or
(ii) ‖Au‖ ≥ ‖u‖, u ∈ K ∩ ∂Ω1, and ‖Au‖ ≤ ‖u‖, u ∈ K ∩ ∂Ω2.
Then A has a fixed point in K ∩ (Ω2 \Ω1).
3. Main result
Throughout Sections 3 and 4, we assume that H(t, u) ≥ 0 for u ≥ 0, t ∈ [0, 2pi ].
For L > 0, let
Φ(L) = max
{
H(t, u)
γ (β + γ 2 − γα)u , (t, u) ∈ [0, 2pi ] × [L, L]
}
,
Ψ (L) = min
{
H(t, u)
γ (β + γ 2 − γα)u , (t, u) ∈ [0, 2pi ] × [L, L]
}
.
The main result of this paper reads as follows:
Theorem 3.1. If there exist positive numbers a, b, a 6= b such that Φ(a) ≤ 1,Ψ (b) ≥ −1, then Problem (P) has at least one
2pi-periodic positive solution u∗ ∈ K satisfying min{a, b} ≤‖ u∗ ‖≤ max{a, b}.
Proof. Without loss of generality, we assume that a < b. ByΦ(a) ≤ 1,Ψ (b) ≥ −1, we have
H(t, u) ≤ γ (β + γ 2 − γα)u, ∀0 ≤ t ≤ 2pi, a ≤ u ≤ a,
H(t, u) ≥ −1γ (β + γ 2 − γα)u, ∀0 ≤ t ≤ 2pi, b ≤ u ≤ b.
(i) When u ∈ ∂Ω(a), then a ≤ u(t) ≤ a, and
(Tu)(t) =
∫ t+2pi
t
∫ s+2pi
s
∫ τ+2pi
τ
Gγ (t, s)Gr1(s, τ )Gr2(τ , ν)H(ν, u(ν))dνdτds
≤
∫ t+2pi
t
∫ s+2pi
s
∫ τ+2pi
τ
Gγ (t, s)Gr1(s, τ )Gr2(τ , ν)γ (β + γ 2 − γα)u(ν)dνdτds
≤ ‖u‖
∫ t+2pi
t
∫ s+2pi
s
∫ τ+2pi
τ
Gγ (t, s)Gr1(s, τ )Gr2(τ , ν)γ (β + γ 2 − γα)dνdτds
= ‖u‖.
(ii) When u ∈ ∂Ω(b), then b ≤ u(t) ≤ b, and
(Tu)(t) =
∫ t+2pi
t
∫ s+2pi
s
∫ τ+2pi
τ
Gγ (t, s)Gr1(s, τ )Gr2(τ , ν)H(ν, u(ν))dνdτds
≥ −1
∫ t+2pi
t
∫ s+2pi
s
∫ τ+2pi
τ
Gγ (t, s)Gr1(s, τ )Gr2(τ , ν)γ (β + γ 2 − γα)u(ν)dνdτds
≥ −1‖u‖
∫ t+2pi
t
∫ s+2pi
s
∫ τ+2pi
τ
Gγ (t, s)Gr1(s, τ )Gr2(τ , ν)γ (β + γ 2 − γα)dνdτds
= ‖u‖.
It follows from Lemma 2.3 that T has a fixed point u∗ ∈ Ω(b) \ Ω(a), i.e., (P) has a positive 2pi-periodic solution u∗,
min{a, b} ≤‖ u∗ ‖≤ max{a, b}. 
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Theorem 3.2. If there exist n+ 1 positive numbers 0 < α1 < α2 < · · · < αn+1 such that
(i)Φ(α2k−1) < 1 and Ψ (α2k) > −1, k = 1, 2, . . . , [ n+12 ]; or
(ii) Ψ (α2k−1) > −1 andΦ(α2k) < 1, k = 1, 2, . . . , [ n+12 ],
where [λ] denotes the integer part of λ ∈ R. Then problem (P) has at least n positive 2pi-periodic solutions u1, u2, . . . , un,
which satisfy
αk < ‖u‖ < αk+1, k = 1, 2, . . . , n.
Proof. Suppose case (i) holds. Since Φ,Ψ : (0,∞) → (0,∞) are continuous, thus for every pair (αk, αk+1), there exists
(bk, ck) such that αk < bk < ck < αk+1, and
Φ(b2k−1) ≤ 1, Ψ (c2k−1) ≥ −1, k = 1, 2, . . . ,
[
n+ 1
2
]
,
Ψ (b2k) ≥ −1, Φ(c2k) ≤ 1, k = 1, 2, . . . ,
[
n+ 1
2
]
.
According to Theorem 3.1, every pair (bk, ck) gives a positive 2pi-periodic solution of problem (P), such that
bk < ‖u‖ < ck, k = 1, 2, . . . , n.
When case (ii) holds, we can show that the conclusion is still true.
This completes the proof. 
4. Limit case
Let
Φ0 = lim
l→0+
Φ(l), Φ∞ = lim
l→∞Φ(l), Ψ0 = liml→0+ Ψ (l), Ψ∞ = liml→∞Ψ (l).
We give the existence result in limit case in the following, the proof of which follows directly from Theorem 3.1.
Corollary 4.1. Assume that one of the following conditions hold:
Φ0 < 1, Ψ∞ > −1, (4.1)
Φ∞ < 1, Ψ0 > −1. (4.2)
Then Problem (P) has at least one positive 2pi-periodic solution.
Corollary 4.2. Let a > 0 be a constant. Assume that one of the following conditions hold:
Φ0 < 1, Φ∞ < 1, Ψa > −1, (4.3)
Φa < 1, Ψ0 > −1, Ψ∞ > −1. (4.4)
Then Problem (P) has at least two positive 2pi-periodic solutions satisfying
0 <‖ u1 ‖≤ a ≤‖ u2 ‖ .
5. Example
Corollary 5.1. If the parameters α, β satisfy
(i) α > 0;
(ii) α − 1+ 2e2pi < β < (α2 + α − 3)/4,
then for arbitrary p, q, 0 < p < 1 < q, the following third-order equation:
u′′′ + αu′′ + βu′ = up + uq − (β + 1− α)u
has at least two positive 2pi-periodic solutions u1, u2 satisfying:
0 <‖ u1 ‖≤ 1 ≤‖ u2 ‖ .
Proof. Under assumptions (i) (ii), let γ = 1, then it is easy to verify that conditions (A− B) are satisfied and
H(t, u) = up + uq − (β + 1− α)u+ (β + 1− α)u
= up + uq.
H(t, u)/(β + 1− α)u = (up−1 + uq−1)/(β + 1− α).
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Let  = e−2pi , it is easy to compute that
Φ1 < 1, Ψ0 = ∞ > −1, Ψ∞ = ∞ > −1.
Hence Corollary 4.2 assures that this equation has at least two positive 2pi-periodic solutions u1, u2 satisfying:
0 <‖ u1 ‖≤ 1 ≤‖ u2 ‖ . 
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